The development of the lift generated by a leading edge vortex (LEV) across a flat plate experiencing a pitch-up motion is investigated to understand the LEV's influence on lift generation. The flow field around the pitch-up plate is simulated by solving the Navier-Stokes equations on composite overlapping grids. The pitch-up angle was from 0 to 45 degrees and the Reynolds number was 500. The Q-criterion method was used to isolate vortex structures from shear layer vortices in order to assess the circulation of the LEV. The calculated circulation due to LEV was then compared to the computed lift from simulation for a better understanding of the effect of the LEV on lift generation. Using the non-circulatory component of Theodorsen's theory, we separate the total lift into lift due to the plate rotation (non-circulatory lift) and lift due to aerodynamic effects (circulatory lift). Our results showed that the non-circulatory force only contributes 10-20% of the total lift and the remaining is due to the LEV. We also found that the LEV growth mainly depends on time but not the angle of attack. However, the circulation strength of the LEV depends on the pitch rate.
Introduction
Dynamic stall refers to an unsteady phenomenon in which the lift of a rapidly pitched wing continues to increase even when the wing has exceeded its static stall angle. The phenomenon is frequently encountered in helicopter, turbo machinery, wind turbine, nature flyers and flapping-wing based micro air vehicles (MAVs) Chesshire and Henshaw (1990) . Dynamic stall is usually associated with a large temporary increase in lift beyond what is normally achievable by a static airfoil Wang et al. (2010) . To understand the dynamic stall phenomenon, some researchers have studied airfoils experiencing complex sinusoidal pitch oscillations Chesshire and Henshaw (1990) ; Wang et al. (2010) ; McCroksey (1981 McCroksey ( , 1982 ; Carr (1988) while others have simplified the dynamic stall motion into a single pitch-up maneuver Visbal (1989) ; Visbal and Shang (1989) ; Shih et al. (1992) ; Granlund et al. (2010 Granlund et al. ( , 2011 ; Hord and Lian (in press ). Both motions have been thoroughly tested at moderate pitch rates and pitch angles. Carr (1988) originally presented the prominent flow features of dynamic stall. The dynamic stall procedure can be broken into a set of discrete steps: 1 large scale leading edge vortex formation 2 vortex convection 3 stall onset 4 flow separation 5 flow reattachment.
During step 1 and 2, large lift force is generated due to the presence of the LEV. At the onset of stall, the vortex sheds from the airfoil, resulting in a decrease in lift and flow separation. Finally, flow remains detached until the angle of attack decreases low enough to allow for flow reattachment. Shih et al. (1992) found a similar set of flow features during a single pitch up sequence. They found that step 1 through 3 remained largely the same but since the airfoil did not pitch back down the flow never reattached. Thus, at step 4 flow separation began. From the two dynamic stall motions one can conclude that the lift is largely determined by the presence of the generated vortex. It has been widely concluded Chesshire and Henshaw (1990) ; McCroksey (1981 McCroksey ( , 1982 ; Visbal (1989) ; Visbal and Shang (1989) ; Shih et al. (1992) that increasing pitch rate and peak angle can increase the strength of the vortex, thus increase lift.
Research has been conducted to predict the effects of dynamic stall using panel codes Jones and Platzer (1998) , potential flow models Pitt Ford and Holger (2013) , and empirical models Leishman and Beddoes (1986) . Ekaterinaris and Platzer offered an in-depth review of the state of the art of the status of stall prediction Chesshire and Henshaw (1990) . The accuracy of these prediction methods depends on a thorough understanding of the flow around airfoils, specifically, the evolution of leading edge vortices (LEVs). Several studies have also been dedicated to the investigation of how the LEV develops on the suction side of the airfoil during the pitch motion Yilmaz and Rockwell (2012) ; Ol et al. (2010) ; Hord and Lian (in press); Shyy et al. (2009); Baik et al. (2012) . These studies investigated the number of items that affect LEV development; however, few attempts have been tried to understand the relationship between LEV size and the pitch rate and it's resulting in lift generation.
It is important to understand how the LEV develops on an airfoil. As an example, Granlund et al. (2010) examined the aerodynamics of a perching wing, a variation of a dynamic stall for landing maneuvers for MAVs, to better understand the flow phenomena involved. They found that the LEV exists for the majority of the motion. As previously stated, the presence of the large LEV, induces a large lift force on the airfoil Carr (1988) . Thus, a good understanding of the LEV development can help designers achieve control of landing MAVs using the dynamic stall process to decelerate and maneuver itself. Therefore, the objectives of this study are as follows:
1 to better understand how LEV forms with angle of attack at different pitch rates 2 to draw a connection between LEV circulation strength and pitch rate and finally 3 to quantify the lift contributed by the LEV to the pitching motion.
The study will be conducted numerically on a two-dimensional computational grid at a Reynolds number of 500 along with various pitch rates. The Reynolds number chosen falls in the lower regime at which MAVs normally operate.
Pitch-up kinematics
A single pitch up motion has been chosen for this dynamic stall study. Considering the objectives of this study, it is important for the airfoil to only develop one LEV to simplify the measuring techniques required. Therefore, a single pitch-up motion was chosen as opposed to a sinusoidal oscillation motion. The governing kinematic motion has been adopted from Wang et al. (2010) which uses a logarithmic hyperbolic cosine function to smooth the start and finish of the pitch up motion. It is necessary to smooth the motion in order to avoid a sudden start and stop of the pitching motion, which can cause high noncirculatory forces (rotational forces) and/or large noise in the forces Altman et al. (2010) . The smoothing function characterises the angle of attack as the following:
where parameter K in Equation 1 is the reduced pitching frequency defined in Equation 2, a is a user defined value that controls the sharpness of the smoothing function, must be greater than 1, c is the wing chord, and U ∞ is the initial streamwise velocity. Parameters t 1 and t 2 are characteristic times chosen by the user to fit the prescribed motion. t 1 is the beginning of the pitch-up motion , t 2 is the time at the end of the pitch up. Figure 1 compares the variation of angle of attack using different values of smoothing parameter a. In the figure t 1 and t 2 are 3 and 5.6 respectively, and the maximum angle of attack is 30 degrees such that a reduced pitch rate of 0.1, discussed later, is produced. As a increases, the pitching angle transits from a smooth sinusoidal function to a sharp ramp function. As shown in Figure 1 (b) a large a leads to a faster ramp to constant angular velocity, but higher angular acceleration Figure 1 (c), and this in turn leads to high non-circulatory forces being added to the force history Granlund et al. (2011) . In the study of pitch-up wings, a dimensionless parameter called reduced frequency is used and it is defined as follows:
where K is the reduced frequency, c is the chord length,α is the pitch rate, and U ∞ is the free stream velocity. This definition is consistent with the definition used by Granlund et al. (2010) but different from Visbal and Shang (1989) .
Non circulatory and circulatory lift
To separate the circulatory lift coefficient, the non-circulatory lift coefficient, denoted as C L,N C , must be separated from the total lift coefficient. Theodorsen's theory Theodorsen (1935) is an analytical method for predicting the lift generated by fluttering wings. The theory predicts both the circulatory and non-circulatory lift but the circulatory lift prediction is only accurate for low amplitudes of pitching and plunging wings. However, Ramesh et al. (2011) found that theoretical methods for predicting the forces experienced by a pitching wing match remarkably well before the LEV separates from the wing. Examining Theodorsen's equation (Equation 3) we can see that the coefficient of lift generated by a fluttering wing is equal to the non-circulatory lift generated by the movement of the wing (the first term on the right side of equation) and the circulatory component due to the flow around the wing (the second term),
is known as Theodorsen's function which is a complex number that brings in consideration the wake vorticity. Since we are only interested in the non-circulatory component, the entire second term on the right side of Equation 3 is ignored. We can further simply the first term because there is no plunge motion in the studied pitch-up kinematics. The non-circulatory lift component becomes:
A final adjustment must be made since the original Theodorsen model was derived for small changes in the angle of attack. The wing in this study pitches to a maximum of 45
• . Equation 4 actually refers to the magnitude of the normal force coefficient acting on the wing. For the large angle of attack in this study, lift is adjusted by multiplying the cosine of the instantaneous angle of attack,
As equated in Theodorsen's equation, lift is the sume of the circulatory and non-circulatory forces. Thus it is now possible to separate the circulatory part of the lift due to the LEV, since the sum of the lift can be measured directly from the simulation, and the noncirculatory component calculated from the motion kinematics. It is now possible to separate the lift due to the circulation (C L,C ) from the measured lift (C L,M ) by assuming the noncirculatory and circulatory lift are linearly additive:
In static aerodynamics, the circulatory lift contribution is proportional to the circulation strength of the flow around the airfoil. Here, the circulation strength of the LEV will be used instead. The circulation of the LEV is calculated by integrating the clockwise vorticity (ω z,CW ) in the computational domain as shown in Equation 7,
The correlation between the LEV circulation and the lift due to circulation is as follows:
Note the addition of a cosine in Equation 8 is to correct the small angle assumptions. The pitching motion itself will induce circulation around the airfoil, thus the noncirculatory portion of the lift must be separated again from the circulatory lift coefficient. This yields a separate equation that describes the circulatory lift of a pitching airfoil:
If Equation 6 is substituted into Equation 9, it would yield that C L,Γ is equal to C L,M . Equations 6 and 9 should both predict the same circulatory lift contribution due to the LEV. However, Equation 8 is only valid before stall.
Vortex measurement

Vortex identification
To properly conduct the study, a vortex identification scheme must be implemented in order to decipher actual vortices from shear vorticity. If no detection scheme is used, definition of a vortex from streamlines or vorticity plots is ambiguous at best. Over a dozen individual detection schemes exist today for vortex identification. For this study the Q-criterion, originally developed by Hunt, Wray and Moin (1988) , was selected. The Q-criterion is a Galilean-invariant vortex criterion that is based on the velocity gradient tensor, ∇ u, of the flow field, where u is the velocity vector. The Q-criterion is a straight forward calculation shown in Eqn. 10 where Ω and S are the asymmetric and symmetric portion of ∇ u respectively.
A vortex is positively identified when the Q is greater than zero. This occurs when the vorticity tensor, Ω, is greater than the strain rate tensor, S. In addition to the Q > 0 requirement, the pressure at the center of the vortex must be less than the ambient pressure. Based on the positive Q-criterion, the vorticity data is separated into clockwise and counterclockwise components. Due to the direction of the flow from left to right, any generated LEV will have a clockwise rotation (negative vorticity), and trailing edge vortices will have a counterclockwise rotation (positive vorticity). An example of this process is shown in Figure 2 for the K = 0.2 case when the plate has already reached its maximum angle and the LEV shedding is just beginning. For this particular low Reynolds number case, the LEV can be identified through visual inspection of the vorticity contours. However, it is difficult to separate where the LEV begins and ends. Applying the Q-criterion helps define the areas of high rotation, particularly the LEV. Filtering the clockwise vorticity with the Q-Criterion further defines the LEV area, and a second area where a secondary LEV begins to form. 
Vortex size
Using the vorticity filtering technique previously described, the area occupied by the LEV was measured. Simply put, any area that was positively identified as a vortex was assigned with a value one, and areas that were not assigned was 0. The domain was integrated again to find the area occupied by the vortex. It was further assumed that the LEV was a perfect circle, and the radius of the LEV could be back calculated from the measured area as shown in Figure 3 . Any other clockwise vorticity that made it through the filter was assumed to be part of the LEV. 
Numerical method
The flow field will be simulated by solving the 2D unsteady incompressible Navier-Stokes equations and the continuity equation presented here in Cartesian coordinates:
where ρ is the density, u is the velocity vector, p is the pressure, t is time, and ν is the kinematic viscosity. The incompressible Navier-Stokes equations are solved with the pressure-Poisson method Henshaw (1994) where γ dc ∇· u is a dampening term to suppress spurious divergence. Parameter γ dc is a small positive number in the range of [0.1 0.001].
The equations are discretised in space with the second-order accurate central differences on a set of overlapping grids Chesshire and Henshaw (1990) using Overture framework 1 developed by Henshaw, Brown and Quinlan (1999) . In the regions of overlapping, the Lagrange interpolation is used to interpolate solutions between neighbouring regions. Time stepping is accomplished using the second-order accurate Adam-Bashforth-Moulton predictor corrector method. The PETSc 2 package is used to solve the system of discretised equations. This method was developed by Henshaw (1994) , and Henshaw, Kreiss and Reyna (1994) for solving the formulation of the incompressible Navier-Stokes equations on structured overlapping grids. The reader is encouraged to refer to the discussed references for further information on the flow solver.
The overlapping grid method employs a series of cartesian grids as the background grid, and structured body-fitted grids for the wing. The use of Cartesian grids preserves the high efficiency and the use of body-fitted grids ensures an accurate representation of the wing geometry and a better resolution of the velocity boundary layer profile. The use of overlapping grid also allows for easy handling of wing motions. A grid validation study was conducted in Hord and Lian (in press) for a similar dynamic stall case at the same Reynolds number. The 2D grid used in this study is shown in Figure 4 where the computational domain is 20 chords by 20 chords containing 258,000 grid points. The large domain was also found to be necessary in Hord and Lian (2012, in press) and Granlund et al. (2010) . Several layered refinement grids can be seen surrounding the flat plate. These grids primarily serve the purpose of gradually increasing the grid density. This prevents interpolation noise from passing from the coarse background grid, to the fine grid surrounding the object. All vortex filtering, circulatory force integration, and vortex measurements discussed were programmed using the overture framework and the non-circulatory components were computed using MATLAB 3 . Evaluation of the circulation measurement (Equation 7 and Equation 8) was performed by integrating of the filtered vorticity thorough out the domain. Calculating vortex size was handled in a similar manner, the confirmed locations of vortex existence were integrated to yield the vortex area.
Computational results
The pitch-up at pitch rates of K=0.05, 0.1, and 0.2 is studied at the Reynolds number of 500. The flat plate with round leading and trailing edges is pitched from a neutral angle of attack of 0 • to a maximum of 45
• at the quarter chord from the leading edge (x p = 0.25). Results show that for all the tested pitch rates, airfoil stalls before the angle of attack reaches 45
• . The stall angle increases as the pitch rate increases. The peak lift also increases with the pitch rate.
Noncirculatory lift
Figure 5 (a) shows the calculated lift coefficient (C L,M ) from the CFD analysis and the non-circulatory lift coefficient (C L,N C ) calculated from Equation 4. It can be seen that the non-circulatory lift makes up a significant portion of the total lift generated at these tested pitch rates: 16.8%, 21.8%, and 23.5% of the total lift for the reduced frequency of 0.05, 0.1 and 0.2, respectively. As the pitch rate increases, so does the portion of the non-circulatory contribution. By subtracting the non-circulatory component from the measured lift, the resulting lift profiles shown in Figure. 5(b) collapse onto each other before 25
• . This further confirms that the non-circulatory component is linearly additive to the circulatory component of the generated lift as is shown in the Theodorsen model (Equation 3 ). The resulting lift can be assumed to the circulatory component from the LEV. 
Circulatory lift
The circulation induced by the presence of the LEV was measured using the filtering and vorticity integration techniques and is reported in Figure 6 (a). The circulation lift (C L,Γ ) is adjusted using Equation 8 and compared directly to the calculated lift coefficient (C L,M ) based on CFD. • . Beyond this angle, the two calculated lift coefficient (C L,M ) based on CFD and the predicted circulation lift (C L,Γ ) begin to diverge. However, this trend is not seen for the two slower pitch rate cases. This may be due to early separation of the LEV from the surface of the plate at slow pitch rates, resulting in a reduced lift coefficient. Without taking in account of the position of the LEV to the plate surface, it is difficult to predict the lift by measuring the circulation strength of the LEV.
Much like the previous section, the non-circulatory component can be separated out of the circulation measurement (Equation 6 and 9). It is also shown in Figure 6 (b) that the circulation for each pitch rate collapses onto a collective trend. This confirms the linearly additive nature of non-circulatory and circulatory forces. However, without a proper description of how the LEV the convects away from the plate to correlate the lift force, results using the circulation are only valid approximate to lift at low angles of attack. Figure 6 (b) does not display any inherently obvious relationships between growth in circulation and pitch rate. It was found if the circulation calculated from Equation 9 was normalised by the pitch rate then the trends would collectively collapse on each another. Figure 7 shows that the lift due to circulation can be correlated to the pitch rate and the non-dimensionalised flow sweeps across the plate. Each pitch rate follows the same trend until stall occurs.
Understanding how pitch rate affects circulation is a crucial element if one wants to predict or understand how a pitching wing will produce lift. Figure 7 shows that the circulation produced mainly depends on the time and the pitch rate. This effectively gives a relationship as to how circulation forces (lift) can be achieved at what pitch rate, and how long it will take.
Vortex size
The vortex size was calculated throughout the entire pitch-up duration and is shown in Figure 8 (a). Before 18
• all the three cases have similar LEV size when the angle of attack is the same. However, they quickly diverge from one another after 18
• . This is because LEV starts to roll up between 15 and 20 degrees. Passed this angle it was seen that the lowest pitch rate case had a higher LEV growth rate than the higher pitch rate case. For all pitch rates, the LEV growth is constant passed 18
• until stall. The lowest pitch rate shows a sudden decrease in the vortex size at an angle of 30
• . At that angle the LEV quickly dissipates after shedding into the downstream. Examining the difference in the slope of pitch rate with respect to the angle of attack it is important to remember that the case of K = 0.05 requires twice the time to develop a similar sized LEV when compared to the case of K = 0.1, and four times the time when compared to K = 0.2. This suggests that the LEV growth rate is a function of the pitch rate. To illustrate this, three separate snapshots were taken of the pitching plates when the LEV radius was about 0.2 ( Figure 9 ). The primary differences seen between the three cases are the location and strength of the LEV. For the slowest pitch rate of K = 0.05, the LEV has had more time to propagate downstream, and is weaker. The lowest pitch rate case achieves the same vortex radius at a lower angle than the higher pitch rate cases. From Figure 8 (b) we can see that with increasing pitch rate, the slope of lift with respect to the LEV radius increases. At a given circulation coefficient, a higher pitch rate case leads to a smaller vortex. While this has always been observed in previous works Chesshire and Henshaw (1990); McCroksey (1981 McCroksey ( , 1982 ; Visbal (1989) ; Shih et al. (1992) ; Granlund et al. (2010) , it is rarely quantified. This also shows how the circulation strength of the LEV is less of a function of radius, but more dependent on pitch rate itself. 
Conclusions
The examination of the lift contribution of the LEV has been conducted. Modelled after the Theodorsen method, the lift coefficient produced by a pitching plate was investigated by examining the non-circulatory and circulatory forces. It was found that the non-circulatory component of the measured lift force could be separated out, leaving only the force produced by any circulatory effects. Results have shown that non-circulatory forces only contribute 10-20% of the lifting force and the remaining is due to the LEV. The lift produced by the LEV was also found to match well at low angles of attack; however as angle of attack increased, the lift produced by the LEV quickly diverged from the measured lift. Thus any experiment measuring lift via vorticity in the domain, must take in account how the LEV propagates away from the airfoil to correlate correct lift measurements. Otherwise, the lift found would greatly overestimate the actual lift on the wing.
By comparing vortex size and circulatory lift together, a tangible trend was produced that shows how pitch rate effects circulation strength and vortex size. While observed in other works, but never quantified, it was shown that higher pitch rates produce smaller LEVs with higher circulation strength. The vortices are primarily smaller due to a time constant of vortex formation. Higher pitch rates pitch faster than the vortex can form; however only increases the vortex circulation strength and not the radius. Thus higher pitch rates produces a smaller yet stronger LEV by pitching faster than it can grow. This effectively means that the strength of the LEV is more of a function of pitch rate, than it is angle of attack.
